Background: The isobaric yield ratio for mirror nuclei [IYR(m)] in heavy-ion collisions, which is assumed to depend linearly on x = 2(Z − 1)/A 1/3 of a fragment, is applied to study some coefficients of the energy terms in the binding energy, as well as the difference between the chemical potentials of a neutron and proton. It is found that the IYR(m) has a systematic dependence on the reaction, which has been explained as the volume and/or the isospin effects in previous studies. However, neither the volume nor the isospin effects can fully interpret the data.
I. INTRODUCTION
In studying the nuclear symmetry energy, the isobaric methods have attracted much attention recently. The energy terms contributing to the binding energy of a nucleus or fragment, which only depend on the mass number, cancel out in the difference between the binding energies of isobars. This makes the isobaric methods possible to study the retained terms in the mass formula. For example, the symmetry energy of neutron-rich nucleus is studied via the difference between binding energies of isobars [1] [2] [3] . In models based on free energy, the yield of a fragment is determined by its free energy, the properties of the colliding source, and the temperature [4] [5] [6] . The symmetry energy of fragment at finite temperature in heavy-ion collisions (HICs), which has a finite temperature, is also studied using the isobaric yield ratio (IYR) methods. After the work using the IYR to study the ratio of the symmetry energy coefficient to the temperature (a sym /T ) of a fragment [7] , the results using the IYR methods are also discussed using the statistical multifragmentation model [8] , the canonical and the grand canonical ensembles methods [9, 18] , and freeenergy-based models [4, 5] . Moreover, the IYR methods are also used to study the a sym /T of neutron-rich fragments [10] [11] [12] [13] , the formation time of fragments [14, 15] , the difference between the chemical potentials of a neutron and proton [16] , and the temperature of the heavy fragments [17] .
In particular, the IYR for mirror nuclei [IYR(m)], the volume-, surface-, and symmetry-energy terms contributing to the free energy cancel out. The IYR(m) can be written as follows [7, 10, 19] :
with Y 2 and Y 1 being the yields of the I = 1 and −1 (I = N −Z is the neutron excess) fragments, respectively; ∆µ = µ n −µ p , µ n and µ p being the chemical potentials of the neutron and proton, respectively. a c is the Coulombenergy coefficient and T is temperature; IYR(m) depends linearly on x, with x = 2(z + 1/2)/A 1/3 (x is the charge number of the I = −1 fragment) as in Ref. [18] and x = 2(z − 1)/A 1/3 in Ref. [7, [10] [11] [12] [13] since different form of Coulomb energy are adopted, but it is confirmed that the two choices of x introduce a very small difference. The a c · x can be seen as the residue Coulomb interaction (RCI) between the related isobars [18] .
Based on Eq. (1), the values of a c /T and ∆µ/T can be obtained from the IYR(m). A linear correlation between the IYR(m) and (Z/A) sys of the reaction system is used to determine a c /T and ∆µ/T [7] . Marini et al. provided a method to figure out the RCI by fitting the difference between IYRs [4] . It has been concluded that the IYR(m) depends on the volume of the reaction systems using the standard grand-canonical and canonical statistical ensembles (SGC/CSE) theories, which prevents the IYR method from obtaining the actual values from fitting nuclear collision data [18] . But conclusions disagree with the SGC/CSE theories proposed in a modified statistical abrasion-ablation (SAA) model by considering the density difference in the projectile, i.e., the IYR(m) depends on the isospin of the projectile [19] . At the same time, the SGC/CSE is also shown in part disagreement with the experimental results [19] . Due to the contradiction in the SGC/CSE, experimental and SAA results, it is meaningful to investigate the system dependence of IYR(m) in different reactions.
Believing the importance of density distribution in determining the yields of fragments and the resultant parameters, such as ∆µ and a c , in this article, we focus on the investigation of the neutron-skin effects in IYR(m). The SAA model will be used because it can well reproduce the yield of the fragment [20, 21, 25, 27] , though the SAA model does not include the complex evolution process like the antisymmetrized molecular dynamics models [20] . The article is organized as follows. The SAA model is briefly introduced in Sec. II. The results and discussion are given in Sec. III, and a summary is presented in Sec. IV.
II. MODEL DESCRIPTION
In brief, the SAA model is a two-stages model to that predicts the yield of fragments in reactions above the Fermi energy. The first stage describes the colliding, in which the abraded nucleons and the yield of the hot prefragment are determined. The second stage is the evaporation after which the final fragments are formed. It can well reproduce the yield of fragments and is used in studying the isospin phenomena in HICs [22] [23] [24] [25] [26] [27] .
In the colliding stage, the nuclei are described to be composed of parallel tubes orienting along the beam direction. The SAA takes independent nucleon-nucleon collisions as the participants in the overlap zone of the projectile and target nuclei and determines the distributions of abraded neutrons and protons. For an infinitesimal tube in the projectile, the transmission probabilities for neutrons (protons) at a given impact parameter b are given by, (2) where ρ T is the nuclear-density distribution of the target integrated along the beam direction, the vectors s and b are defined in the plane perpendicular to the beam, and σ k ′ k is the free nucleon-nucleon reaction cross section. At a given b, the average absorbed mass in the limit of infinitesimal tubes is,
The ρ n and ρ p distributions are assumed to be the Fermitype,
where ρ 0 i is the normalization constant, t i is the diffuseness parameter, and C i is the radius at half density of the neutron or proton density distribution. t i and C i can be adjusted by f i to change the neutron skins thickness (δ np ) of a nucleus [28] [29] [30] [31] [32] [33] . δ np of a nucleus is defined as the difference between the root-mean-square radii of the neutrons' and protons' density distributions
. In this work we use the default values of the parameters in Eq. (4), and δ np of the nucleus is not strictly set to the predicted experimental or theoretical one due to the fact that the measurement of δ np itself is still an open question.
The cross section for a specific isotope (prefragment) can be calculated from
where P (∆N, b) and P (∆Z, b) are the probability distributions for the abraded neutrons and protons at a given impact parameter b, respectively. The second stage of the reaction in SAA is the evaporation of the excited prefragment [23] , which is described by a conventional statistical model under the assumption of thermal equilibrium. The excitation energy of the projectile spectator is estimated by a simple relation of E * = 13.3 < A(b) >MeV, where 13.3 is the mean excitation energy due to an abraded nucleon from the initial projectile [23] . After the evaporation, the isotopic yield (final fragment) comparable to the experimental result can be obtained. It is shown that the deexcitation or decay descriptions (GEMINI, SMM, SIMON, etc.) greatly influence the yield of the fragment, and the parameters based on the yield [7, 8, 13, 20] . Specially, the prefragment and final fragment in the 60 Ni + 12 C reaction, the resultant IYR and a sym /T of the prefragment and the final fragment are analyzed, which show that the deexciation process affects the results greatly [13] . Since the decay mode in SAA can well reproduce the yield of the final fragment, which will be used in the analysis, the effect of different decay mechanism will not be discussed in this work.
III. RESULTS AND DISCUSSION
The isospin [I ′ = (N − Z)/A], volume (or mass) and neutron-skin effects in IYR(m) will be studied in the SAA model. The reactions induced by projectiles of three series will be calculated: (1) the isotopic projectiles to study the isospin and volume effects in IYR(m), at the same time, different limitations on the maximum of impact parameters will be used to study the volume dependence of IYR(m); (2) the isobaric projectiles to study the isospin and neutron-skin effects in IYR(m); and (3) projectiles having similar neutron-skin thickness to study the volume and isospin effects in IYR(m). In Fig. 2 , the results in Fig. 1 are re-plotted according to b max . The IYR(m) changes according to the colliding volumes in the isotopic reactions. It is clearly shown that, in the large-x fragments, the trend of the nonlinear part of IYR(m) changes from decreasing to increasing as x increases. It can not be definitely explained whether the IYR(m) fully depends on the isospin or the volume of the projectile as has been discussed in Ref. [19] . Generally, the structure of a nucleus can be considered as a core plus a skirt region: in the core region, the density changes little, while in the surface the density decreases quickly. According to Eq. (5), at a specific incident energy, the isotopic yield is mainly determined by the ρ n and ρ p distributions at a specific incident energy. In the surface region, the quick change of density has a great influence on the yield of the fragment in the (semi-)peripheral reactions. In the neutron-rich nucleus, compared to ρ p , the relative slow change of ρ n in the surface forms the neutron-skin structure. It should be noted that a neutron-rich nucleus does not guaranty it has a neutron skin since more neutrons are needed to compensate the Coulomb interaction in the large-Z nucleus. It can be assumed that the neutron-skin structure should be more appropriate to explain the phenomena shown in the IYR(m), i.e., the linear part of IYR(m) can be explained as the little variation of ρ n and ρ p in the core, and the different trends of the nonlinear part in IYR(m) could be explained as the neutron-skin effect when considering the difference between ρ n and ρ p in the nuclear surface.
To illustrate whether IYR(m) depends on the neutron skin of the projectile, the reactions of some A p = 45 isobars, i.e., the 140A MeV 45 Z + 9 Be reactions, are calculated. Z of the selected projectiles are Z = 14, Fig. 3 , which has the similar distribution as in the calcium isotopic reactions. Since the volume of the isobaric projectiles shall be the same, the volume dependence of IYR(m) can be eliminated in these reactions. The difference among the nonlinear part of IYR(m) should be explained as the neutron-skin effects.
Furthermore, to show how the neutron-skin affects the IYR(m), the reactions induced by the projectiles having similar δ np (∼ 0.02, 0.06, 0.09, 0.13, and 0.18fm) are calculated. The selected δ np ∼ 0.02fm projectiles are 25 9 Be and the incident energy is 140A MeV. In  Fig. 4 , the IYR(m) in reactions of the δ np ∼ 0.02, 0.09 and 0.18fm projectiles are plotted. In Fig. 4(a) , the IYR(m) in the δ np ∼ 0.02fm projectile reactions overlap, and a quite good linear correlation between IYR(m) and x is shown in each reaction. No isospin and volume dependence of IYR(m) is shown. From Figs. 4(b) to 4(c), when the projectile becomes more neutron-rich, the IYR(m) shows a quick increase in fragments having large x, being the same as those shown in the calcium isotopes and the 45 Z-induced reactions. In these neutronrich-projectile-induced reactions, the IYR(m) is greatly influenced by A p when A p is relatively small. When A p is relative large, the IYR(m) overlap in a large range of x (for example, A p > 34 when δ np ∼ 0.09fm, and A p > 50 when δ np ∼ 0.18fm). It can be concluded that the IYR(m) depend on A p very little in the neutron-rich projectile induced reactions when A p is large, which can be explained as that these projectiles have relative large cores in which ρ n and ρ p change very little. The isospin dependence of the IYR(m) in these reactions will be discussed later. To show the neutron-skin effects in the IYR(m) more clearly, the linear part of the IYR(m) is fitted using a linear function. In Figs. 5(a) and 5(b) , the a c /T and ∆µ/T determined from the calcium isotopic reactions are plotted, respectively. The a c /T (∆µ/T ) is found to increase (decrease) when the projectile becomes more neutronrich, but a c /T and ∆µ/T varies very slowly as b max becomes larger. It can be concluded that in central collisions where the skin has less influence on the yields of fragments, the IYR(m) does not depend on the colliding volume, whether the projectile is neutron-rich or not. Figs. 6 and 7 , it can be concluded that, in the reaction of a projectile having δ np > 0, if the IYR(m) of fragments vulnerable to the neutron-skin effect is not considered, the volume dependence of the IYR(m) disappears when A p is relatively large. In the reaction induced by a projectile having similar δ np , the IYR(m) does not depend on the colliding volumes in the central collisions. Thus in these reactions, the a c /T and ∆µ/T determined are not influenced by the mass or volume of the projectile. In particular, in the δ np ∼ 0 projectiles, in which the neutrons and protons distributions are almost equal, the IYR(m), and the resultant a c /T and ∆µ/T are not affected by the mass or volume of the projectile. It is interesting to note how IYR(m) change if the neutron-skin thickness is adjusted. By changing the value of f i in Eq. (4), the diffuseness in ρ n , at the same time δ np can be changed. For the A Z = 65 29 nucleus, δ np =0.02 and 0.85 fm when f n = 1 and 2, respectively. In Fig.  8 , the IYR(m) according to f n = 1 and 2 in the reactions are plotted, and the ρ n and ρ p distributions are plotted in the inserted figure. Compared to the result of f n = 1, more fragments of large mass are produced in the result of f n = 2. The IYR(m) in the f n = 1 and 2 results almost overlap, but an increase can be found in the isobars of x > 10 [the IYR(m) of x > 12 show the accelerating increase trend]. It can be concluded that the change of density distribution does change the IYR(m) distribution.
Finally, we discuss the isospin dependence of the IYR(m). The nonlinear part of IYR(m) is omitted in the determination of the a c /T and ∆µ/T . It was noted previously that the nonlinear part was due to the skin effects in the IYR(m). An equivalent "isospin" can be defined as (ρ n − ρ p )/(ρ n + ρ p ). For neutron-rich (or proton-rich) projectiles, in some sense, the "isospin" changes quickly in the surface region due to the fast change of ρ n and ρ p ; while the "isospin" keeps constant in the core region. In Figs. 9(a) and 9(b), the a c /T and ∆µ/T in Fig. 7 are re-plotted as a function of the isospin of the projectile. From I ′ = 0.1 to 0.4, the a c /T shows a small difference, and even less variation in ∆µ/T is found. It is concluded that if a c /T and ∆µ/T determined from the linear part of IYR(m), the isospin effects are also very small. Thus the neutron-skin effects can well explain the systematic phenomena shown in IYR(m). 
IV. SUMMARY
In summary, we focus on the interpretation of the systematic dependence of IYR(m) and the extracted parameters from them. The previously proposed isospin or volume dependence of IYR(m) did not fully explain the phenomena shown in the experimental results, or the theoretical results of the SAA and the SGC/CSE models. Considering the density effects in the fragment production, it is assumed that δ np of the projectile affects the IYR(m). Using the SAA model, which considers the density difference of a proton and neutron conveniently, the reactions induced by three series of projectiles are calculated: (1) the calcium isotopes from 36 Ca to 56 Ca with different limitations of b max ; (2) the A = 45 isobaric projectile of which Z varies from 14 to 24; and (3) the projectiles having similar δ np . Generally, the IYR(m) in the calculated reaction shows the distribution of a linear part in the small-x fragments and a nonlinear part in the large-x fragments except in the reactions of δ np ∼ 0 projectiles. The linear part of IYR(m) is explained as the core effects of the projectile, and the nonlinear part of IYR(m) is assumed to be governed by the skin of the projectile. In the calcium isotopes induced reactions, it is shown that IYR(m) does not depend on the volume of the colliding source in the central collisions, whether the projectile is neutron-rich or not. In the isobaric reactions, the IYR(m) is found to be greatly influenced by δ np of the projectile, but when the projectile has a relatively large δ np , the IYR(m) depends on the isospin very little. If the δ np of the projectile is similar, IYR(m) does not depend on the mass or volume of the projectile when its mass is relatively large. From the calculated results, it can be concluded that when ρ n and ρ p change very little in the core, or ρ n and ρ p in the entire projectile are similar (such as the δ np ∼ 0.02fm projectiles in which ρ n and ρ p can be assumed to be the same), both the isospin and volume dependence of IYR(m) disappears. It can be concluded that the system dependence of IYR(m) shown in the SAA and experimental data shall be the neutron-skin effects, and neither the isospin nor the volume dependence of IYR(m) can completely explain this dependence. The finite effects suggested in the SGC/CSE results are inadequate to explain the experimental results, and also disagree with the SAA results.
At last, we comment on the a c /T and ∆µ/T in the isotopic reactions, which show a dependence on the mass of the projectiles. Due to the values of a c , ∆µ and T are difficult to separate in the free-energy models; they influence each other in the fitting. ∆µ reflects the properties of the projectile, which can be assumed to increase when the projectile becomes more neutron-rich. In a canonical thermodynamic (CTM) model, a temperature profile of impact parameter (b), which decreases quickly as b increases, is introduced to improve the prediction of the fragment yield [34] . Due the low ρ n and ρ p in the surface (which corresponds to the peripheral collisions), the abraded nucleons are also less than those in the central collisions, which can also result in the relatively low temperature [16, 17, 34] . In this sense, the low temperature in the peripheral collisions is one result of the low density [16, 17] . The increasing a c /T in the large-x fragments can also be explained as the density effects since the surface regions of the projectile (target) govern the peripheral collisions. Due to the complexity of the temperature dependence on the impact parameters and densities, and the possible dependence of a c on the density [4, 5] , we can not know exactly what the actual value of a c is. It was proposed that the RCI between the isobars can be determined by some approximations as in Refs. [4, 7, 35] , and it was shown that, though the Coulomb term was retained in determining the symmetry-energy coefficient of the neutron-rich fragment in the IYR method [7, [11] [12] [13] , the RCI between the isobars in the difference of IYRs was negligible [4, 35] .
